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1. The density of a bacteria population in a circular petri dish at a distance r centimeters from the center of the
dish is given by an increasing, differentiable function f, where f(r) is measured in milligrams per square
centimeter. Values of f(r) for selected values of r are given in the table above.

(a) Use the data in the table to estimate f’(2.25). Using correct units, interpret the meaning of your answer
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in the context of this problem.
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(b) The tothl éass in milligrams, of bacteria in the petri dish is given by the integral expression
4 4
2z I() r f(r) dr. Approximate the value of 27 .[0 rf(r) dr using a right Riemann sum with the four

subintervals indicated by the data in the table.
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(c) Is the approximation found in part (b) an overestimate or underestimate of the total mass of bacteria in the
petri dish? Explain your reasoning.
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(d) The density of bacteria in the petri dish, for I < r < 4, is modeled by the function g defined by
g(r) =2 — 16(cos(1.57 \/7))3. For what value of k, 1 < k < 4., is g(k) equal to the average value of g(r)

ontheinterval 1 £r<4? Y
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2. A particle, P, is moving along the x-axis. The velocity of particle P at time ¢ is given by vp(t) = sin (r"s)

A second particle, Q, also moves along the x-axis. The velocity of particle Q at time ¢ is given by
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for 0 <t < x. Attime t = 0, particle P is at position x = 5. R I (6)

vo(t) = (t — 1.8) - 1.25" for 0 < t < 7. Attime t = 0, particle Q is at position x = 10.
(a) Find the positions of particles P and Q attimet = 1.
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(b) Are particles P and Q moving toward each other or away from each other at time t = 1 ? Explain your
reasoning.
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(¢) Find the acceleration of particle Q attime ¢ = 1. Is the speed of particle Q increasing or decreasing at

time t = 1 7 Explain your reasoning.
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(d) Find the total distance traveled by particle P over the time interval 0 < ¢t < 7.
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3. A company designs spinning toys using the family™# functionis"y = cxV4 — x“, where ¢ is a positive

constant. The figure above shows the region in the first quadrant bounded by the x-axis and the graph of
{ 2 . . g e . B .
y = cxVv4 — x7, for some c. Each spinning toy is in the shape of the solid generated when such a region is

revolved about the x-axis. Both x and y are measured in inches. ULC.O) = \"

(a) Find the area of the region in the first quadrant bounded by the x-axis and the graph of y = cx/4 — x° U\.L'L\ =0
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(b) Itis known that, for y = cx\4 — X2, (j—‘ = For a particular spinning toy, the rug‘ms of the
dx f 2
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largest cross-sectional circular slice is 1.2 inches. What is the value of ¢ for this spinning toy?
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(c¢) For another spinning toy, the volume is 27 cubic inches. What is the value of ¢ for this spinning toy?
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4. Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

A . )[R (=
ine segments, is shown above. Let G be the function defined by G(x) = J.(; f(t) dr. -j7 (" >l.) —

(a) On what open intervals is the graph of G concave up? Give a reason for your answer.
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(b) Let P be the function defined by P(x) = G(x) - f(x). Find P’(3).
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(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a

value ¢, —4 < ¢ < 2, for which G’(c) is equal to this average rate of change? Justify your answer.
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5. Consider the function y = f(x) whose curve is given by the equation 2y 6 =ysinx fory > 0.
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(a) Show that — =
dx
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(b) Write an equation for the line tangent to the curve at the point (0, 3 ).
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(¢c) ForO £x <7 and y > 0, find the coordinates of the point where the line tangent to the curve is
horizontal.
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(d) Determine whether f has a relative minimum, a relative maximum, or neither at the point found in

ok
art (c). Juxlli) your answer.
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6. A medication is administered to a patient. The amount, in milligrams, of the medication in the patient at

dy 12—y
time ¢ hours is modeled by a function y = A(t) that satisfies the differential equation d_: = 3 Y At time

t = 0 hours, there are 0 milligrams of the medication in the patient.

: : : Lody 12—y :
(a) A portion of the slope field for the differential equation d_ = — is given below. Sketch the solution
t
curve through the point (0, 0).

y
N TN NN AN N NN N NN AN NSNS

S IS INEN DTN TN NN, BN SN NN

R

~ =S NN N NNV
~==>~~>~>~N\\\\
~~=>~~>~>~>~N\\\\
~~~=>=~>~>~N\\\
~~~>~~>~~NNAN\\\
NS SR T ML S NSNS Y

I S N N R0, L
i o o N ENINCN
SSESCSL i S et S e e e |
s M vt = s NG PN
et ot iatia s SO ENUINTINEIY

(b) Using correct units, interpret the statement lim A(f) = 12 in the context of this problem.
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(c) Use separation of variables to find y = A(t), the particular solution to the differential equation
.
dy 12—y
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with initial condition A(0) = 0.
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(d) A different procedure is used to administer the medication to a second patient. The amount, in milligrams,

of the medication in the second patient at time ¢ hours is modeled by a function y = B(t) that satisfies the

dy
differential ation =— =3 — ——.
ifferential equation (I! + 2

Attime ¢ = 1 hour, there are 2.5 milligrams of the medication in

the second patient. Is the rate of change of the amount of medication in the second patient increasing or

decreasing at time ¢ = 1 ? Give a reason for your answer.
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2. Fortime t = 0, a particle moves in the xy-plane with position (x(¢), y(#)) and velocity vector
<(: —1)e", sin(f”-‘) > At time t = 0, the position of the particle is (—2, 5).

(a) Find the speed of the particle at time ¢ = 1.2. Find the acceleration vector of the particle at time ¢ = 1.2.
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(b) Find the total distance traveled by the particle over the time interval 0 < ¢ < 1.2.
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(c) Find the coordinates of the point at which the particle is farthest to the left for t = 0. Explain why there is
no point at which the particle is farthest to the right for ¢ = 0.
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dy
5. Let y = f(x) be the particular solution to the differential equation —=y- (x In x) with initial condition

Y. =
f(l) = 4. It can be shown that f”(1) = 4. -\ \V\((\ o
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(a) Wnl:-)he second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to © ’g\ w (_
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(b) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(2). Show the A J\
work that leads to your answer. 0‘ A V\ ~
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(c) Find the particular solution y = f(x) to the differential equation (;—‘ = y+ (xInx) with initial
dx
condition f(1) = 4.
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6. The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

0 l n_n
g(x) = 2(4

on its interval of convergence
n=0 ~ +3

(a) State the conditions necessary to use the integral test to determine convergence of the series Y —;

1
Use the integral test to show that Z 7 converges.
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(c¢) Determine the radius of convergence of the Maclaurin series for g c
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(d) The first two terms of the series g(1)
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series error bound to determine an upper bound on the error of the approximation
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